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Abstract—Wireless networks equipped with CSMA are sched- zero propagation delays and the hidden node problem will now
uled in a fully distributed manner. A disadvantage of such give rise to the stealing effect.
distributed control in multi-hop net\(vork_s is _the hidden node The stealing effect occurs when a downstream node2
problem that causes the effect o$tealing, in which a downstream )
node steals the channel from an upstream node with probabtly _captures the channgl from an upstream nadeven_ though
p. Aziz, Starobinski and Thiran [2] have recently shown that he it accesses the medium later. Denote the probability of eccu
N-hop model with stealing is stable only in the caséV = 3 and rence of stealing by. Figure 1 gives an example of the hidden
p € (0,1]. This 3-hop model can be modeled as a random walk node problem and stealing fov = 3. NodeO0 is transmitting
in the quarter plane. We derive various asymptotic expressins to nodel. and hence node is silenced. However. node 2 is
for the stationary large buffer probabilities of the 3-hop model L . . T
that capture the effect of p. not §|Ier}ced, and When it dec.lde_S to s_,tart transmitting B) th

destination nods, this transmission will cause the ongoing
l. INTRODUCTION transmission from node 0 to node 1 to fail.

Efficient usage of wireless networks requires decentralize Y
protocols for transmitting data. In wireless mesh netwprks @_,@ @_,@
most Medium Access Control (MAC) protocols use Carrier-
Sense Multiple-Access (CSMA), and indeed CSMA schedules
the capacity of the network in a distributed manner. The ma-
jority of protocols, however, has been developed for siiglp Fig. 1. The hidden node problem.
communication, while multi-hop scenarios, in which mukip
links are used to transmit a packet from source to destimatio The assumption of infinite buffers (and no losses) gives rise
are becoming ever more prominent. to a potential stability problem, because the buffer catsten

CSMA builds upon the ALOHA protocol, in which nodesmay become infinite. A striking feature of stealing is thatah
wait for some random back-off period before starting a trankave a positive effect on stability. Indeed, in [2] it is shothat
mission. The length of this back-off period is independetthe 3-hop model without stealingp(= 0) is unstable, while
between nodes, ruling out a collision caused by multipthe 3-hop model is stable if the stealing phenomenon occurs
transmissions starting simultaneously. Neverthelessllision (whenp € (0, 1]). Hence, stealing has a positive influence in
may occur in case a node activates during another nodtist it leads to a stable system. However, in [2] it is alsorsho
transmission. The CSMA protocol prescribes that nodesldhothat 4-hop networks are always unstable, even with stealing
sense their surroundings for other transmitting nodesntide and numerical evidence is provided that instability extetal
detects a nearby transmitter (within its sensing ranged, tlarger networks. This makes the 3-hop network with stealing
back-off timer is frozen, deferring the countdown until thepecial, being the only stable multi-hop network, paraciyl
channel is sensed clear. Using this mechanism, the numbren one realizes that more complex topologies are likely
of collisions is greatly reduced. However, CSMA introduce® contain such linear 3-hop segments. We shall restrict to
the additional problem of hidden nodes (see [13]). Hiddahe 3-hop network, and focus on the stationary distribution
nodes are not detected by the carrier-sensing mechanigm, lhuparticular, we shall investigate the impact of the stesli
may still cause collisions. The hidden nodes give rise to tiparameterp on the large buffer asymptotics. Knowledge of
phenomenon oftealing, which can be best explained in thethe occurrence of such rare events provides structurahtssi
context of a multi-hop network withV + 1 nodes. Node) into the behavior of the network and the impact of stealing,
(the source) always has traffic to send. This traffic is sent &amd are therefore of interest for dimensioning purposes.
node N (the destination) and will be relayed through nodes In IEEE 802.11 stealing refers to the event that node2
1,..., N —1. Both the transmission range and the interferencaptures the channel despite a larger back-off value thde no
range are limited to nearest neighbors. We assume that thsee [2]. Stealing will be absent & 0) only in the unrealistic
network operates under the CSMA protocol, and that nodssenario where the so-called RTS/CTS control messages are
have large buffers (with is usually the case). In fact, wiastantaneous, while the stealing would be perfect=( 1)
assume infinite buffers, so that the network is lossless.-Ndhthe control messages are disabled. We shall consider both




the extreme scenarigs= 0 andp = 1. The true value fop Denoting by Ny (7) the number of packets at node at
depends on the protocol and messaging, and lies in the attethe beginning of time slotr, the two-dimensional process
(0,1); see [2], [12]. {(N1(7), N2(7)), ™ € N} is a two-dimensional Markov chain,
We proceed as follows. In Section Il we model the 3-hopnd in fact a random walk in the quarter plane, as depicted in
network as a two-dimensional Markov chain, and show thkigure 2.
it falls into the class ofrfandom walks in the quarter plane.
We also provide simulation results that demonstrate theiairu
impact that the stealing parametenas on the evolution of the
buffer contents. We then present our main findings in Section
lll, where we start in Section IlI-A withperfect stealing
(p 1). It that case, the two-dimensional Markov chain Itp
has a surprisingly simple product form solution. In Section Y
[1I-B we consider the situation with amall stealing effect
(p — 0). For this, we identify a scaling limit of the Markov 1
chain. This scaling limit turns out to be a continuous preces ] 2
in the positive quadrant that admits a simple product form
solution for its stationary density. In Section IlI-C we peait
our key results that give the joint large buffer asymptofas
all p € (0,1). Due to space limitations, we shall refer to the
extended version [10] of this manuscript for several preoid
further details. « In the interior of the state space, the walk stéps)
In proving the joint asymptotics in Section IV, we shall 1%10, (0,—1) w.p. HTP and(—1,1) w.p. &.
use the ray method of geometrical optics. While this will not , on the horizontal axis, the walk steps, 0) w.p. ! and
yield the complete asymptotics, we will show that much of the  (_y 1) w.p. 1
basic structure can be inferred solely from the balance-equa, on the vertical axis, the walk stess, 0) w.p. 1=r and
tions. The singular perturbation approach does make oertai (0, —1) w.p. 1+Tp
assumptions about the forms of the asymptotic expansions,
and the asymptotic matching between different scales. Oh [1 The stability condition under which this random walk is
we relate our approach to the compensation approach [1] #&fgodic, and thus has a unique stationary distribution, was
to singularity analysis [7], [8], [9], [11]. proved in [2] using Foster’s criterion and a Lyapunov fuomti
Proposition 1: (Aziz, Starobinski and Thiran [2]) The ran-
dom walk {(N:(7), N2(7)), 7 € N} is ergodic if and only if
p € (0,1].
In this section we shallidescr_ibe how the 3-h_op netwqu Denote the joint stationary probabilities by(n, k) =
can be modeled as a two-dimensional Markov chain, foIIowwhg(N1 — 1, No = k) = limy oo (N1 (7) = 1, No(7) = k).
[2]. Consider a linear topology of four nodes. All packets aThe balance equations for the interior of the state spaak rea
generated by node 0 and forwarded to node 3 by successive
transmissions via the intermediate nodes 1 and 2 (see Figure

1
2

Ny

Fig. 2. The random walk in the quarter plane.

The random walk takes the following steps:

Il. THE 3-HOP NETWORK

1). We assume that node 0 is saturated, so that there aresalway 7 (n, k) zlw(n +1LE-1)+ 1= pw(n —1,k)
packets to be transmitted. The interference range of eadé no 3 14p
is taken to be nearest neighbors, which for this 3-hop né¢wor + Tw(n, kE+1), n,k>2, (1)
implies that only one of the first three nodes can be active at 1 1—p
a given time slot. Each node is assumed to have an infinite ~ 7(n, 1) =§7T(n +1,0) + m(n —1,1)
buffer for storage of data packets. 1+p
In the case of idealized CSMA/CA without stealing (see + 3 m(n,2), n=2, )
[2]), all non-empty nodes have exactly the same probability 1 1—p
of being scheduled. When all three nodes have non-empty (1, k) :5”(271“* 1)+ (0, k)
buffers, each node has a success probability of 1/3. When 1+p
only nodes 0 and 1 (or nodes 0 and 2) are non-empty, their T Tﬂ(l’kJr 1), k=2 )
success probabilities are 1/2, and when nodes 1 and 2 are both
empty, a packet will be transmitted from node 0 to node 1 withhile on the boundaries we have
probability 1. The stealing effect describes a bias towands
downstream node 2. When only node 0 and 1 compete for 1+p 1
the channel, the success probability of each node remains 1/ m(n,0) = 3 m(n, 1) + Eﬁ(n -10) n=2 ()
However, when nod® and 2 compete together, there is a 1 1+p
probability p that node 2 steals the channel. m(0,k) = §w(1’k D+ 5O k4D, k22 ()
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Fig. 3. Buffer evolution for the 3-hop model for 10,000 slarsd various stealing probabilities

and
(1,0) = 1 ;pw(l,l) +7(0,0),
7(0,1) = %w(l,O) + 1P 0,9),
7(0,0) = ! ;pw(O, 1).

(6)
(1)
(8)

Let P(x,y) represent the bivariate generating function

P(z,y) = Z Z]P’(Nl =n, Ny = k)z"y".
n=0 k=0

From the balance equations it follows thB{(z,y) satisfies

the functional equation

hi(x,y)P(x,y) = ha(z,y)P(x,0)
+ ha(2,y)P(0,y) + ha(z,y)P(0,0),

where
hi(z,y) = 6zy — 2(1 — p)z’y — 2y° — 2(1 + p)a,
ho(z,y) = (1+2p)2”y +y* — 2(1 + p)a,
hs(z,y) = (1 —p)a’y — 2y° + (1 + p)z,

ha(z,y) = (24 p)z’y — y* — (1 + p)z.

9)

(10)
(11)
(12)
(13)

between the unknown#(z,0) and P(0,y) that are free
of the term containing the full generating functidix, y).
These additional equations in fact give rise to boundaryeval
problems whose solutions lead to a specificationPgf, 0)
andP(0,y) and henceP(z, y). Hence, stationary distributions
of two-dimensional one-step random walks in the quartergla
can be obtained by solving functional equations (see [9], [6
For the present model this will be done in [11].

A. The effect of stealing

Let us now consider the effect of stealing on the evolution
of the buffer contents of nodé and node2. Results from
our simulation are displayed in Figure 3. Several intengsti
observations can be made. First, the sizes of both buffers
decrease withp. The casep = 0 is critical, leading to
large fluctuations. As the stealing becomes more dominant,
the buffer contents decrease. Second, the buffer of node 1
seems to be roughly twice as large as the buffer of node 2.
Third, the regeneration periods, defined as the periodsdsstw
two consecutive times that the buffer empties, tend to becom
shorter ag increases.

In this paper we shall focus on the occurrence of large buffer
contents, that can be considereda® events. We will derive
asymptotic expressions for the probabilities of large d&uff

See [6], Section 1.3, for a general description of how towericontents. It is clear from Figure 3 that large buffer corgent
such functional equations. The functiohg are quadratic become more likely ag becomes smaller, and that large buffer
polynomials inz or y. Equation (9) cannot be solved directlycontents are more likely to occur at node 1 than at node 2.
for P(x,y), because it contains other unknown functionhe latter is because the stealing effect favors the doeastr
P(z,0) and P(0,y). The approach is then to consider th@ode. To substantiate these numerical observations, wie sha
roots of the kerneh,(z,y) w.r.t. one of the variables,y.
Substituting such roots into (9) yields additional equadio buffer contents become large.

derive asymptotic expressions for the probabilities thes t



We will obtain the asymptotic results directly from thedensity obeys a PDE with a simple product form solution. The
balance equation in (1)-(8) by using the so-called ray netthaesult is as follows:
In a companion paper [11] we take a different approach, Theorem 2: For the case — 0, the stationary distribution
making use of the exact solution to the functional equatiar the random walk can be approximated as
(9). Solving the functional equation requires sophisédat

2
complex analysis, and the obtained formal solution is too m(n, k) NZ; G(pn,pk), .k =1, (19)
complicated to invert directly for the stationary distriioun. 7(n,0) = =p*G(pn,0), n>1, (20)
That is why in [11] we employ the functional equation (9) to %
determine the dominant (closest to the origin) singulesitf 7(0,k) =~ =p°G(0,pk), k> 1, (22)
the functionP(x, y). Subsequently, by investigatig(z, y) in :i))
the neighborhood of these dominant singularities, and by th 7(0,0) ~ gpQQ(O,O), (22)

asymptotic evaluation of complex integrals, we obtain gsym

totic expressions for the tail of the probability distrilaut of where the densit§(X,Y) satisfies the PDE

(N1, N2). This approach is sketched in [10]. Gxx+Gyy —Gxy +Gx +Gy =0; X, Y >0, (23)
I11. M AIN RESULTS with the boundary conditions

In this section we shall present results for the case of perfe Gx(0,Y)+G(0,Y) =0, (24)

stealing p = 1), the case of a small stealing effegt ~ 0), Gx (X,0) — Gy (X,0) — G(X,0) =0, (25)

and then the general capec (0,1).
and with normalized solution
A. Perfect stealing

) G(X,Y) =2 %e 2V, (26)

For the case of perfect stealing, where= 1 and hence _ S _
node 2 always steals the channel, the random walk beconl&¢ marginal distributions then readily follow: o
more tractable. Visual inspection of Figure 2 tells us that t ~Corollary 2: For p — 0 we have the approximative
walk can no longer step to the East in the interior of the stafearginal distributions
spaccj;e. A]:S it tunlws_out% the random Wag<_ al!gws for a simple P(Ny =n) ~pe ™", n> 1, (27)
product form solution for its stationary distribution. N o ook

Theorem 1: For the case = 1 the stationary distribution P(Ny = k) m 2pe™ ", k21, (28)
of the random walk has a closed-form solution witf,0) = P(N; = 0) ~ Z2p andP(N; = 0) ~ 3p.

7(0,1) = (2 —+/2)/6, 7(1,0) = (v/2—1)/3 and Note thatP(N, = k) decays precisely twice as fastB&V, =
" ka1 n). Theorem 2 and Corollary 2 provide approximations for the
w(n, k) = <L) <1 _ L) . k> 1, (14) stationary distribution of the random walk that are shanp fo
V2 V2 small values ofp. An example is given in Table I. The “true”

7(n,0) = 2 (1 B i) (L)”, N1, (15) values forP(N; = n) and P(N; = n) that are reported in
3 NG V2 Table | (and in all other tables in this paper) are obtained by
1 1\* numerical calculations. Truncating the state space by &imgo
m(0,k) = 3 (1 — E) , k>1 (16) an upper bound on one of the buffers reduces the random
walk in the quarter plane to a random walk on an infinite
Theorem 1 is proved in [10]. The marginal distribution fell® strip, better known as a Quasi-Birth-Death (QBD) chain. For
from Theorem 1: these Markov chains, fast numerical algorithms are availab
Corollary 1: For the casep = 1 we have the marginal (see [15]). All numerical results presented were obtaingd b
distributions imposing an upper bound on the second buffer of 500.
PN, = n) = V2 -8 (L) a1 (17) C. Joint asymptotics
6 V2 We now present results for the asymptotics of the stationary

1 1 1\" probabilitiesw(n, k), for a fixed0 < p < 1 andn and/or
P(N2 = k) = (§ + ﬁ) ( - ﬁ) k=1 (A8) 1 The results presented will be proved in Section IV
using a singular perturbation approach for approximatre t

P(N1 = 0) = v2/6 andP(Nz = 0) = (2 + v/2)/6. difference equations (1)-(5), and in particular the ray hodt

Note thatP(N, = k) decays faster thalt(N; = n), so that ¢ geometrical optics.

large buffer contents are more likely to occur at node 1. Theorem 3: For n — oo and/ork — oo there holds

B. Small stealing effect w(n, k) ~ C-B¥ (A" +~vA"), n,k>1, (29)
We now turn to the casg ~ 0, so that the probability that 2 .,

node 2 steals the channel is small. Using the right space-tim m(n,0) ~ C- 3’ A%, (30)

scaling, we show in [10] that our random walk in the quarter (0, k) ~ C - 2 (14 ~)B* 31)

plane converges to a continuous scaling limit whose station ’ 3 155



n P(N1 =n) pexp(—pn) P(Na=k) 2pexp(—2pk)
5.0000e+00  9.3641e-03 9.5123e-03 1.7892e-02 1.8097e-02
1.0000e+01  8.9136e-03 9.0484e-03 1.6211e-02 1.6375e-02
1.5000e+01  8.4849e-03 8.6071e-03 1.4686e-02 1.4816e-02
2.0000e+01  8.0769e-03 8.1873e-03 1.3302e-02 1.3406e-02
5.0000e+01  6.0099e-03 6.0653e-03 7.3397e-03 7.3576e-03
1.0000e+02  3.6722e-03 3.6788e-03 2.7198e-03 2.7067e-03

TABLE |
MARGINAL DISTRIBUTIONS AND THEIR APPROXIMATIONS IN(27) AND (28) FORp = 0.01.

. n P(N1 =n) A P(N1 =n)A™"

with ¢ a constant, and 5.00006+00  7.01146-02  3.70556-01  1.89226-01
et JIT20 75 1.0000e+01  2.5870e-02  1.3731e-01 1.8841e-01
A—__P p+ 5p? (32) 1.5000e+01  9.5836e-03  5.0879-02 1.8836e-01
2(1 +p) 2.0000e+01  3.5511e-03  1.8853e-02 1.8835e-01
5.0000e+01  9.1928e-06  4.8806e-05 1.8835e-01
p_lt3p—vi+t2p+ 5p (33) 1.0000e+02  4.4866e-10  2.3820e-09 1.8835e-01

2p(1 +p) TABLE II

1— 1— + 1 + 2 + 5 MARGINAL DISTRIBUTION OF N1 FORp = 0.3.
A — (I-p)(=1-p \/ p + 5p?) (34)
2p —1—-p+ \/1+2p+5p
on 1 (35) n P(N; = n) A P(N; =n)A~"
p(1+p) 5.0000e+00  5.73266-02  1.86956-01 3.06636-01
- 1.0000e+01  1.0717e-02  3.4951e-02 3.0663e-01
The constan€’ = C(p) satisfies’(1) = 1-1/v2andC(p) ~ 1.5000e+01  2.00366-03  6.5342e-03  3.0663e-01
2p2 asp — 0. 2.0000e+01  3.7458e-04  1.2216e-03 3.0663e-01
It is readily seen thatd > B > A. for all 0.1], which 5.0000e+01  1.5993e-08  5.2156e-08 3.0663e-01
. y > D > L p € (0,1], wh 1.0000e+02  8.3412e-16  2.7202e-15 3.0663e-01
again confirms the fact that large buffers are more likely at
node 1. From (32) and (33) we further see thiat= 1/v/2 TABLE Il

. . MARGINAL DISTRIBUTION OF N1 FORp = 0.9.
andB =1 — 1/v/2 whenp = 1, which agrees with Theorem ! P

1. The functionsA, B and A, are plotted in Figure 4.

10 k P(N = k) BF P(Ny = k)B~F
5.0000e+00  3.1621e-03  3.1806e-03 9.9419e-01
1.0000e+01  1.0057e-05  1.0116e-05 9.9419e-01

1.5000e+01  3.1989e-08  3.2176e-08 9.9419e-01

08r

06

2.0000e+01  1.0174e-10 1.0234e-10  9.9419e-01
0al 50000e+01 1.0533¢-25 1.0595e-25  9.9419e-01

1.0000e+02  1.1159¢-50 1.1225e-50  9.9419e-01
02t TABLE IV

MARGINAL DISTRIBUTION OF N FORp = 0.9.

Fig. 4. The decay rated, B and A, for p = (0, 1].

Some further calculations lead to the following asymptotic We next give some of the higher order terms in the asymp-

result for the marginals: totic expansion ofr(n, k), which show the ultimate deviation
Corollary 3: For the marginal distributions we find thefrom product form behavior.
asymptotic relations Theorem 4: For n, k — oo, we define the ratidR = k/n.
9 B Then for0 < R < oo we have:
P(N1=n)~C (g + ﬁ) ", nm— o0 (36) ()If 0<p<(5—+17)/2, R> Si(p),
P(Ny = k) 0(2(1+ )+ P )B’“
2 = ~ Y Y Y ) 1
3 -4 -4 )~ € ("B 492 + = f(RNa(R]" R
(37) vn
(38)
ask — oo.

Several results that test the accuracy of (36) and (37) are

provided in Tables II-IV. We see that in all cases the asymlﬁ’—t

totics kick in fast, which suggests that the asymptotictietes

provide sharp approximations to the true values, even fatlsm 4p% — 11p — 1+ 34/1 + 2p + 5p2

or moderate values of the buffer content. Silp) = 2(1 + 2p — 4p?) ) (39)




anda andb are obtained from solving the system of equations IV. PROOFS OFTHEOREMS3 AND 4

3_ 1-p _a 4 (1+p)b, (40) In this sectit_)n we give the proofs Qf Theorem 3 and
b Theorem 4 using the ray method. While the ray method
R [1 -P g] _a_ (14 p)b. (41) will not yield the complete asymptotics, we will show that
a b b much of the basic structure can be inferred solely from the
(i) If 0<p<(5-vIT)/2,0<R<Si(p) balance equations. We shall obtain the leading term up to a

multiplicative constant, and then discuss some of the highe

w(n, k) ~ C (A”B’f + Lf(R)[a(R)]”[b(R)]k) ., (42) order terms. In the ray method we seek an asymptotic solution
vn of (1) in the form

(i) If (5—+17)/2 <p <1, R > Sy(p), with
2p* —p —5+3y/1+ 2p+ 5p?
Salp) = . (43
then there is the asymptotics in (38). 3=e"" 4 (1—ple™® + (1+ p)e® (50)
(V) If (5-V17)/2<p<1,0<R<S(p),

w(n, k) ~ C(A"Bk 4y A"BE

w(n, k) ~ e® ™R Lin k), (49)

where ® satisfies the “eiconal” equation

and L satisfies the “transport” equation

1 1
0=e®n Pk [Ln — L+ <§q)nn — &+ i@kkﬂ

1
+HOATBY + T f(R)e(R)"D(R)") (44 1
1-p)(p—1+1+2p+5p?) 1
B, = : 45 1 P\ Ly + =@ L . 51
21+ p) (45) + (1+p)e k+2 kk (51)
5= 1+2p? +p° —4p* + (0* +p — 1)\/1+2p+5p2' We will see that® has linear growth inn, k, and L has
2p(p* —p* —p—1) algebraic growth, thus the asymptotic limit in (49) fails to

(46) satisfy (1) exactly only in that (51) neglects derivativésio
We ordered the terms in the right sides forin Theorem of order> 2, and derivatives ofp of order> 3.
4 so that each term is exponentially smaller than the termEquation (50) is a non-linear PDE of the first order, which
that preceeds it4. < A and B, < B). We cannot obtain can be solved by the method of characteristics. The characte
the functionf(R) explicitly, without having the full solution istic curves, or “rays”, can be obtained by solving the syste
for m(n, k). Later we shall discuss the behavior pfR), for

— —b, B,
R — 0, R — oo and R — S;(p). We can recast the systems n=(1-pe ¢ E

of equations for(a, b) as k=e® P — (1 +p)e®, (52)
0=1+p)(R+2)%>—9(R+1)a> ¢, =0, P,=0, (53)

+3(1-p)2+2R—R¥)a+(1—p)(R—1)(2R+1), =, [(1-ple -t ]
(47) + Oy [ePnTFE — (14 p)e®r]. (54)

3(R+1)— (1 —p) 2R+ 1)a™!
_ 3B+ - (A -p)@2R+1)a (48) Here, “-:%" denotes a derivative along a ray.

b=
(1+p)(R+2) We consider three main families of rays: rays that start from

Thus, givenR = k/n andp, we must solve the above cubicihe k-axis (» = 0), rays that start from the-axis (¢ = 0),
equation (47) fora, and then computé from (48). When ang rays that start from the origim, k) = (0,0) at various
p = (5—+/17)/2 we havea(0) = A. = (7~ v/17)/8 (and glopes. We shall also consider the reflections of the first two
thenb = B = B.), when Rz = Si(p) we havea = A, and ray families. The rays from the axes, as well as from their
b = B, and whenR = S,(p) we havea = A, andb = B.. reflections, will lead to purely exponential solutions 9. (1
Also, whenp = (5 — V17)/2, $1 =S = 0. _ First we consider rays fromt = 0. These must take into

The formulas in Theorem 4 must be slightly modified if,ccount the boundary conditions in (2) and (4). Aldng: 0

k= O(), n — oo;n = O(1), k — o0 or R ~ Sj(p), e allow for a discontinuity in (49), setting
j = 1,2. We thus see that a fair amount of asymptotic

information can be obtained without solving fully fetn, k), (n,0) ~ e®™O L(n), (55)
o e o e Then, it (51) and (5), @) e t

e oo oot s s o 0% 20 = Lot [LE -t
Z:/r).the cases (i) and (iii), and only the fourth term for case n %emk(”vo)ﬁ(n,o), (56)



and (4) gives (3) and (5), we find thay(n) satisfies the simple difference

= L+D a.(n0) L 6,07 equation
L(n) = —=e"*"Y L(n,0) + e~ """ L(n). (57) )
3 2 3=B'g(n+1)+(1-p)g(n—1)+ (1+p)By(n), (63)
Using (50) withk = 0 and comparing this to (56) we conclude _ ) - _
that L(n) = 2L(n,0) and then (57) gives so thatg(n) is a linear combination ofA™ and A? (defined
3 in (34)). Then (3) and (5) show thaj = %g(o) and that
2_14P a0 | L ~anmo (58) 9(n) must be proportional tol" + v A with v in (35). Thus
3 3 3 ’ we have introduced the second exponenfilA” into the

which is the desired boundary condition féralongk = 0.  solution. Also, we havei > A, for all p.

We return to (52)-(54). From (53) we conclude tkgf and This second exponential can be interpreted in terms of the
®,, are both constant along a ray, and we witg = log A ray method, as the reflection (in tfeaxis) of the rays that
and ®;, = log B. But the boundary condition in (58) impliesstarted in then-axis. The reflected rays have
that ®,, and ®;, are constant globally. Then we can solve for

(A, B) by using (50) (i.e3 = A/B+(1—p)/A+(1+p)B) k= %7(1+p)3 = f%fl—ﬂ <1 - l) V1+2p+ 5p?

and (58) (i.e.2 = (1 + p)B + 1/A), which leads to (32) and 2.2 \p 2 (64)
(33). and
We next determine the domain that is filled by the rays from . n L .
the n-axis. Solving (52) leads to P At (1) /112 2
1 | | =L B p+2p 2+ " + p+i>p-)
—D 65
_ ~ )t k=(=-( Bt (59
m=not < A B) ’ (B (1+p) > + ®9 \we haven > 0 for all p € (0,1] so that the reflected rays enter

: . : . . the positive quadrant. However, we can have 0 or k£ < 0.
which gives the rays in parametric form. Herg,is where the From (64) we see that — 0 if p— %(5 ~ V17) = p.. Then

ray begins on thei-axis. The rays must enter the state space btaini ¢ di ¢
(n,k > 0) for t > 0, and it is easy to verify thatyp € (0,1], W€ O taink <0 forp. <p<landk>0for0<p<p.
The reflected rays all have the same slope, that is the ratio

. 1 p 1 NG of the right side of (64) to that of (65), and this is the same
b=l 2p * 2 * (2 * 2p) L+ 2p+5p* > 0. (60) asSi(p) in (39). For0 < p < p. the reflected rays fill only

the sectork/n > Si(p), while if p. < p < 1, they fill the

entire positive quadrant. In the latter case the reflectesl age

_ 1 > themselves reflected in theaxis (k = 0). This corresponds to

R e L) V142p+5p* <0, (61) 4 secondary reflection of the rays that started intfais, and

] ) S this will lead to a third exponential appearing in the saunti

so that the rays fill the entire quadrant. By considering IMeN0,s ), increases past.. For p < p, only the two exponentials

detail the boundary condition fdt(n, k) alongk = 0 we can  4n gk and A" B* appear. But then there is the transition in the

show thatlL is in fact a constant (it follows immediately fromasymptotics ofr(n, k) — C A" B* along the rayk/n = Sy (p).

(51), sinced,,, = &), = &, = 0, that L is a constant along Thjg gifference will be asymptotic to the second exponéntia

a ray). Also, (54) can be written & = (log A)n + (log B)k if 1 /n > S, (p), and to the solution that corresponds to rays
so that® = nlog A+ klog B ande® = A" B*. We have thus from the origin if k/n < Si(p).

shown that an asymptotic solution of (1), (2) and (4) is

Furthermoreyp € (0, 1],

Consider firstp, < p < 1, where the secondary reflection
occurs. WhileA™ B* satisfies the boundary condition along
the n-axis, the second exponential does not. However, it can
This fails to satisfy the boundary condition alongs 0, cf. (3) € compensated for by a third exponential of the fottB;'.
and (5). Thls_boundary layer constryctlon leads to the term propodi

to § in (46). The secondarily reflected rays have

2
m(n,0) ~ §C’A", m(n, k) ~ CA"B*, k>1, (62)

It remains to consider rays from theaxis (. = 0) and rays

from the origin. But we can show that rays from theaxis =~ 1—-p A, p 1 1 1 5
would correspond to a product from solution with< 0, so " = A, B +§2_p+<§ + 2_p) V14 2p+5p7,
the corresponding ray family would not enter the domain. We (66)
shall discuss rays from the origin shortly, but these widde and &k = A,./B. — (1 + p)B.. We can easily show that >
to a solution exponentially smaller than (62). 0 for p > p, and thatn > 0 always. It follows that the

To satisfy the boundary condition along= 0 andn = 1 in  secondary reflections fill only the sectéyn < S»(p) and
(5) and (3) we must consider the scale= O(1), k — oo and hence no further reflections are possible. This suggests als
construct a “boundary layer” correction to (62). Since (82) that the compensation method cannot be carried out further.
a product form this essentially corresponds to the secaql stndeed, even if we ignore completely the ray geometry, we
of the compensation methods of Adan [1]. Setting, k) ~ can try to correct for the third exponentidl’! B* by a fourth,
Bkg(n) for n > 1 and7(0,k) ~ B¥g, and analyzing (1), of the form A" B¥, near thek-axis. But then we would find



that namely thatf(R) ~ (const.)R as R — 0 and thatf(R) ~
(const.”)R=3/2 as R — oo. The expansion that applies for

n — oo andk = O(1) would have the form

=% (vik + vo)[a(0)]" [b(0)],

I
Ao _—-—P

14 3p+v/1+2p + 57|

and soA > A. Hence, the fourth exponential cannot serve as
a boundary layer correction to the third. . . o
Finally we discuss rays from the origin. Since by (53) the<#ith a suitable modification along = 0. From (47) we also
have @, and &, constant along a ray, we sd, = log(a) find thata’(O)_ =0. Fork — oo and_n = O(1) the boundary
and ®;, = log(b). In view of the PDE (50) we have layer correction to the ray expansion would take the form
—3/2(,,/ / k n
S BT ) K2 (win + o) b(oo) (o), (72)
a and we havé’(co) = 0.
Integrating (52) then leads to = ¢[(1 — p)/a — a/b] and  The asymptotic solutionn=/2f(R)[a(R)]"[b(R)]* will
k = tla/b— (1 + p)b] so that a particular ray has the slope also develop problems nedt = k/n = Si(p) if p < p.,
k afb— (1+p)b and nearR = Sg(p_) if p > Pes which co_rresponds to where
- (69) an extra exponential begins to appear in the asymptotics. We
n (I-pfa—afb omit the details of the analysis, but mention only that on the
We can view (68) and (69) as two equations for the twscalek — nS;(p) = O(y/n) we can ultimately approximate
unknownsa and b, which are both functions ok/n = R. the difference equation (1) by a parabolic PDE, from whose
Then (54) integrates t@ = nlog(a) + klog(b) and hence solution we can infer thaf(R) has a singularity of the form
e? = a"* = [a(k/n)]"[b(k/n)]*. We can eliminateh to  f(R) ~ v.[R — Si(p)]~! asR — Si(p). We also note that
obtain the cubic equation (47) far. This equation has threea(S,(p)) = A, and b(S1(p)) = B, so that the rays from
real branches, which we plot in Figure 5 for= 0.5. We see the origin and the exponential solutioti? B* agree along the
that one branch starts a{0) > 1, and the branch with the critical line R = S;(p), at least in their exponential orders of

(67)

k>1 (70)

n>1

smallest value ofi(0) becomes negative &gn increases past magnitude.

1. Thus we choose the middle branch, which hg®) > 0

and corresponds tb/n > 0 in (69). "
1

(2]
(3]
(4
(5]
(6]
(7]
(8]
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Fig. 5. The three branches of (47) fé& € [0,5] andp = 0.5.

The rays from(0,0) correspond to a non-product form
solution in (49). For this solutiof®, we can rewrite, after some
calculation, the transport equation (51) A$L = —1/(2t),
which gives the derivative of. along a ray. Hence we can
write the general solution of. as L. = f(R)/+/n. It does
not seem possible to determine the functipR) by ray-
type analysis alone. Its determination would require afoare
analysis of the “corner scaleh,k = O(1), but this is
equivalent to an exact solution to the full problem (obtdine
in [11]).

Rays from the origin thus lead to an asymptotic solution thEe!
is smaller than any of the three exponentials, but whichrfél t
entire first quadrant for all values of This solution does not [14]
take into account the boundary conditions (2)-(5) along trffs]
axes. It is possible to construct boundary layer correstiton
the ray solution, that will apply fon — oo, Kk = O(1) and [16]
k — oo, n = O(1). We omit that analysis, but comment that
it would yield additional information about the functigitR),

&l

[10]

[11]

[12]
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